Abstract. In this paper we show that the multiplicities of holomorphic discrete series representations relatively to reductive subgroups satisfy the credo "Quantization commutes with reduction".
O ∩ π
where π h,g : g * → h * denotes the canonical projection. The symplectic geometers recognise that (1) is a symplectic reduced space in the sense of Marsden-Weinstein, since π h,g : O → h * is the moment map relative to the Hamiltonian action of H on O. Let us give some examples where this theory is known to be valid.
For simply connected nilpotent Lie groups, Kirillov [24] described the correspondence O → π G O , and Corwin-Greenleaf [10] proves its functoriality relatively to subgroup : the multiplicity appearing in the direct integral decomposition of π G O | H is the cardinal of the reduced space (1) .
For compact Lie group, G. Heckman [21] proved that the multiplicity was asymptotically given by the volume of the reduced space (1) . Just after Guillemin and Sternberg [19] replaced this functoriality principle in a more geometric framework and proposed another version of this rule for a good quantization process: the quantization should commute with the reduction. This means that if Q H (M ) is the geometric quantization of an Hamiltonian action of a compact Lie group H on a symplectic manifold M , the multiplicity of the representation π * denotes the moment map. A good quantization process for compact Lie group action on compact symplectic manifolds turns to be the equivariant index of a Dolbeault-Dirac operator [41, 43] . In the late 90's, Meinrenken and Meinrenken-Sjamaar proved that the principle of Guillemin-Sternberg works in this setting [31, 32] . Afterwards, this quantization procedure was extended to non-compact manifolds with a proper moment map by Ma-Zhang and the author [36, 29, 39] . See also the recent work of Duflo-Vergne on the multiplicities of the tempered representations relatively to compact subgroups [17] .
The purpose of this article is to show that the quantization commutes with reduction principle holds in a case where the group of symmetry is a real reductive Lie group. Loosely speaking, we prove that if π We turn now to a description of the contents of the various sections, highlighting the main features.
In Section 2, we clarify previous work of Weinstein [46] and Duflo-Vargas [15, 16] concerning the Hamiltonian action of a connected reductive real Lie group G on a symplectic manifold M . The main point is that if the action of G on M is proper and the moment map Φ decomposition
Here K is a maximal compact subgroup of G, and Y is a closed K-invariant symplectic sub-manifold of M . Thanks to (2), we remark that the reduced space (Φ G M ) −1 (O)/G is connected for any coadjoint orbit O ⊂ g * : this is a notable difference with the nilpotent case where the reduced space (1) can be disconnected.
The decomposition (2) will be the main ingredient of this paper to prove some quantization commutes with reduction phenomenon. Note that P. Hochs already used this idea when the manifold Y is compact to get a quantization commutes with reduction theorem in the setting of KK-theory [22] . Hochs was working on some induction process, while we will use (2) to prove some functoriality relatively to a restriction procedure.
In this context, it is natural to look at the induced action of a reductive subgroup G ′ ⊂ G on M , and we know then that we have another decomposition
M is proper. In Section 2.3, we give a criterion that insures the properness of Φ
In Section 3, we turn onto a closed study of the holomorphic discrete series representations of a reductive Lie group G. Recall that the parametrization of these representations depends on the choice of an element z in the center of the Lie algebra of K such that the adjoint map ad(z) defines a complex structure on g/k. Let T be a maximal torus in K, with Lie algebra t. The existence of element z forces t to be a Cartan sub-algebra of g, and it defines a closed cone C ρ hol (z) ⊂ t * . If ∧ * ⊂ t * is the weight lattice, we consider the subset
where ∧ * + is the set of dominant weights. The work of Harish-Chandra tells us that that we can attach an holomorphic discrete series representation V G λ to any λ ∈ G hol (z).
In Section 3, we look at formal quantization procedures attached to the Hamiltonian action of G on a symplectic manifold M . We suppose that the properness assumptions are satisfied and that the image of the moment map Φ G M is contained in G · C ρ hol (z) ⊂ g * se . Let us briefly recall the definition. We define the formal geometric quantization of the G-action on M as the following formal sum Let R −∞ (G, z) be the Z-module formed by the infinite sums λ∈ G hol (z) m λ V G λ with m λ ∈ Z. We consider also the Z-module R −∞ (K) formed by the infinite sums µ∈∧ * + n µ V K µ with n µ ∈ Z. The following basic result will be an important tool in our paper (see Lemma 3.20) .
Lemma A We have an injective restriction morphism r K,G :
We can state one of our main result Theorem B If Assumptions 1 A1 or A2 are satisfied, we have the following relation
The main tool for proving Theorem B, is the following relation
where
is the formal geometric quantization of the slice Y and S • (p) is the symmetric algebra of the complex K-module p := (g/k, ad(z)).
Consider now a connected reductive subgroup G ′ ⊂ G such that its Lie algebra g ′ contains the element z. Let Φ G ′ G·λ be the moment map relative to the Hamiltonian action of
G·λ is a proper map. Thanks to the work of T. Kobayashi [27] and Duflo-Vargas [15] , we know that the representation V G λ admits an admissible restriction to G ′ . It means that the restriction V G λ | G ′ is a discrete sum formed by holomorphic discrete series representations V
We can now state the major result of this paper (see Theorem 3.26).
Theorem C Let λ ∈ G hol (z). We have the following relation
In Section 3.7, we prove that the formal quantization process Q −∞ G is functorial relatively to reductive subgroups.
Theorem D Suppose that Assumption A2 holds. Then we have
where r G ′ ,G is a restriction morphism.
In [23] , Jakobsen-Vergne proposed another formula for the the multiplicity of the representation V G ′ µ in the restriction V G λ | G ′ . In Section 3.8, we explain how to recover their result from Theorem B.
Section 4 is devoted to the proofs of the main results of this paper. We use here previous work of the author on localization techniques in the the setting of transversally elliptic operators.
Notations. In this paper, G will denoted a connected real reductive Lie group. We take here the convention of Knapp [26] . We have a Cartan involution Θ on G, such that the fixed point set K := G Θ is a connected maximal compact subgroup. We have Cartan decompositions : at the level of Lie algebras g = k ⊕ p and at the level of the group G ≃ K × exp(p). We denote by b a G-invariant non-degenerate bilinear form on g that defines a K-invariant scalar product (X, Y ) := −b(X, Θ(Y )).
When V and V ′ are two representations of a group H, the multiplicity of V in V ′ will be denoted [V :
Hamiltonian actions of real reductive Lie groups
This section is mainly a synthesis of previous work by Weinstein [46] , DufloVargas [15, 16] and Hochs [22] , except the criterion that we obtain in Section 2.3.
Let G be a connected real reductive Lie group. We consider an Hamiltonian action of G on a connected symplectic manifold (M, Ω M ). The corresponding moment map Φ Table 1 . Strongly elliptic set 
where the orthogonal is taken relatively to the symplectic form. Hence the kernel of Ω Y | y is equal to (p · y) ⊥ ∩ p · y. For X, X ′ ∈ p and y ∈ Y , we have
of strongly elliptic elements.
Example 2.3. For the group G = SL 2 (R), the set g * se is equal, through the trace, to the cone {X ∈ sl 2 (R) | det(X) > 0}.
Let t be the Lie algebra of a maximal torus in K. Weinstein proves that the open subset g * se is non-empty if and only if t is a Cartan sub-algebra of g [46] . See the Table 1 . We note that k * se := g * se ∩ k * is equal to {ξ ∈ k * | G ξ ⊂ K} and that (10) g
Proof. Thanks to the Cartan decomposition, the third point implies that p×Y ≃ M and then the last point follows.
Let t be the Lie algebra of a maximal torus T in K. Note that g * se = ∅ is equivalent to the fact that t is a Cartan sub-algebra of g.
se . Let ∧ * ⊂ t * be the weight lattice : α ∈ ∧ * if iα is the differential of a character of T . Let R ⊂ ∧ * be the set of roots for the action of T on g ⊗ C. We have R = R c ∪ R n where R c and R n are respectively the set of roots for the action of T on k ⊗ C and p ⊗ C. We fix a system of positive roots R + c in R c : let t * + ⊂ t * be the corresponding Weyl chamber. Let W = W (K, T ) be the Weyl group. We have then
where each C j is an open cone of the Weyl chamber.
We recover the following result due to Weinstein [46] .
+ is a closed convex locally polyhedral subset contained in one cone C j .
• 
The last equality is due to the fact that Φ To any non-empty subset C of a real vector space E, we define its asymptotic cone As(C) ⊂ E as the set formed by the limits y = lim k→∞ t k y k where (t k ) is a sequence of non-negative reals converging to 0 and y k ∈ C. Note that As(C) = {0} if and only if C is compact.
We recall the following basic facts.
Lemma 2.10. Let C i , i = 0, 1 be closed and convex subsets of E.
• We have
• If C 0 ∩ C 1 is non-empty we have As(C 0 ) ∩ As(C 1 ) = As(C 0 ∩ C 1 ).
• If C 0 ∩ C 1 is non-empty and compact, we have As(C 0 ) ∩ As(C 1 ) = {0}
Proof. Let us check the first point. Take z ∈ C i and y = lim k→∞ t k y k an element of As(C i ).
The inclusion As(C 0 ∩ C 1 ) ⊂ As(C 0 ) ∩ As(C 1 ) follows from the inclusions C 0 ∩ C 1 ⊂ C i . Let z ∈ C 0 ∩ C 1 and y ∈ As(C 0 ) ∩ As(C 1 ). Thanks to the first point we know that z + R ≥0 y ⊂ C 0 ∩ C 1 . Then y = lim t→0 + t(z + t −1 y) ∈ As(C 0 ∩ C 1 ). The second point is proved and the last point is a direct consequence of the second one.
The following Proposition is a useful tool for finding proper moment map. For a closed subgroup
Proof. If c) does not hold we have a sequence m i ∈ M such that Φ
Here we can assume that the sequence k i converge to k ∈ K, and that the sequence yi yi converge to y ∈ As(∆ K (M )). We get then that π k ′ ,k (k · y) = 0. In other words, y is a non-zero element in
We have proved b) =⇒ c). The implication c) =⇒ a) is obvious. Let us prove the last implication a) =⇒ b). First we note that the properness of Φ K M implies that the projection π k ′ ,k is proper when restricted to the closed subset Image(Φ
) is non-empty and compact. If we apply the last point of Lemma 2.10 to the closed and convex sets k · ∆ K (M ) and ξ o + (k ′ ) ⊥ we get that
⊥ is reduced to {0}. So we have proved that As(
Remark 2.12. When M is a symplectic vector space (E, Ω E ), the moment map
2.4. Kostant-Souriau line bundle. In the Kostant-Souriau framework, an Hamil-
is also called a Kostant-Souriau line bundle. Note that conditions (11) imply via the equivariant Bianchi formula the relations (5).
We suppose now that conditions C1 and C2 hold.
The case of elliptic orbits. In this section, we consider the examples given by the elliptic coadjoint orbits of G, that is M := G · λ for some λ ∈ k * . The Kirillov-Kostant-Souriau symplectic structure Ω M is defined by the relation
for m ∈ M and X, Y ∈ g. The corresponding moment map relatively to the action of G on G · λ is the inclusion Φ 
then follows.
We work now with an elliptic coadjoint orbit of G, G · λ, such that the stabilizer subgroup G λ is compact. Then the action of G (and those of any closed subgroup) on G · λ is proper.
Let t be the Lie algebra of a maximal torus T in K. Our hypothesis concerning the compactness of G λ imposes t to be a Cartan sub-algebra of g. Let R be the set of roots for the action of t on g ⊗ C. We have R = R c ∪ R n where R c and R n are respectively the set of roots for the action of t on k ⊗ C and p ⊗ C. For the remaining part of this section, we fix a system of positive roots R c,+ in R c : let t * + ⊂ t * be the corresponding Weyl chamber. So λ is chosen in the Weyl chamber t * + , away from the non-compact wall : (α, λ) = 0 for all α ∈ R n . Thanks to Lemma 2.13, we know that the moment map Φ K G·λ relative to a maximal compact subgroup K ⊂ G is proper. The Convexity theorem tells us that the set
is a closed convex locally polyhedral subset of t * . The results of Duflo-HeckmanVergne [14] shows that in fact ∆ K (G·λ) is defined by a finite number of inequalities. In this paper, we call ∆ K (G · λ) the Kirwan polyhedron.
We consider now a connected reductive subgroup
Consider now the action of
. We are looking to connected reductive subgroups G ′ ⊂ G such that the moment map Φ G ′ G·λ is proper. Theorem 2.9 shows that is equivalent to look at compact subgroups
G·λ is proper. Thanks to Proposition 2.11, we have the following criterium Proposition 2.14.
G·λ is proper if and only if
We want to stress a property which is peculiar to the reductive Lie groups (in comparison with the nilpotent one).
proper (see the Convexity Theorem [2, 18, 25, 28] ).
In general the Kirwan polyhedron ∆ K (G · λ) is not known, but we can use at least the following observation. Let R n (λ) be the set of non-compact roots α such that (α, λ) > 0. Let us consider the following cone in t * :
Lemma 2.16. For the Kirwan polyhedron we have
Proof. Let C λ be the cone tangent to ∆ K (G · λ) at λ :
We have to show that C λ is contained in C(λ). Thanks to the result of Sjamaar [40] , we know that C λ is determined by a local Hamiltonian model near
The maximal torus T of K is still a maximal torus for the stabiliser subgroup K λ : let t * λ,+ be a Weyl chamber for (K λ , T ) which contains t * + . Here, we consider the vector space p equipped with the linear symplectic structure
The group K λ acts in a Hamiltonian fashion on (p, Ω λ ). Let us denote by
the corresponding Kirwan polytope (which is a rational cone). Since the stabiliser of the point λ ∈ M := G · λ coincides with the stabiliser subgroup K λ of its image by the moment map Φ K M , the local form of Marle [30] and Guillemin and Sternberg [20] tells us that M is symplectomorphic with K × K λ p in a neighbourhood of K · λ. Theorem 6.5 of [40] tells us then that
Let us consider the Hamiltonian action of the torus T on (p, Ω λ ). Let J λ be an invariant complex structure on p which is compatible with Ω λ : we can check that the weights of the T -action on (p, J λ ) are −α, for α ∈ R n (λ). Hence the image ∆ T (p) of the moment map is equal to the cone generated by the weights α ∈ R n (λ). Finally we have proved that
Quantization commutes with reduction
Let G be a connected real reductive Lie group and let K be a maximal connected compact subgroup. Let c k , c g be respectively the center of k and g. In all the section we assume that the group G satisfies the following condition
i.e. the centralizer of c k in g coincides with k. Hence c g ⊂ c k ⊂ k.
We make the choice of a maximal torus T in K with Lie algebra t. Note that (13) forces t to be a Cartan sub-algebra of g. Let R = R c ∪ R n be the set of roots. We fix a system of positive roots R + c in R c . We know also that (13) imposes the existence of elements z ∈ c k such that ad(z) defines a complex structure on p (see Section 9 in [26] ). For such element z, we define
which is invariant relatively to the action of the Weyl group W K . The union R + c ∪ R n (z) defines then a system of positive roots in R. We will be interested to the closed
We recall some basic facts about them.
Lemma 3.1. We have the following inclusions
Example 3.2. We have the following classical examples:
3.1. Holomorphic coadjoint orbits. The holomorphic coadjoint orbits are G · λ with λ in the interior of C hol (z). These symplectic manifolds possess a G-invariant (integrable) complex structure J λ which is compatible with the symplectic structure Ω G·λ (see [38] ). Hence (G · λ, Ω G·λ , J λ ) is a Kähler manifold when λ ∈ Interior(C hol (z)). The real K-module p is equipped with the invariant linear symplectic structure
We have two families of Hamiltonian K-manifold : K · λ × p and G · λ for λ ∈ C hol (z). We start with the fundamental fact.
Proof. Point a) is the translation of Lemma 2.16 since the cone C(λ) is equal to C(z). Point b) is proved in [38] . Another proof is given by Deltour in [13] , by showing the stronger result that the Hamiltonian K-manifolds G · λ and K · λ × p are symplectomorphic. The point c) follows easily from b).
Remark 3.4. When G is one of the groups appearing in Example 3.2, the generators of the cone ∆ K (p) can be defined in term of strongly orthogonal roots (see Section 5 in [38] ). Note also that Deltour has completely described the facet of the polytopes ∆ K (G · λ) when Interior(C hol (z)) (see [12] ). Table 2 .
Let S • (p) be the symmetric algebra of the complex K-module (p, ad(z)): it is an admissible representation of K. Let K ′ be a closed connected subgroup of K. We denote by Φ 
Proof. The equivalences a) ⇔ b) and b) ⇔ c) follow from Propositions 2.11 and 3.3. The other equivalences c) ⇔ d) ⇔ e) are proved in [36] [Section 5].
Let us consider the moment map Φ
Hence we see that Φ Example 3.7. The condition Rz ⊂ g ′ is fulfilled in the following cases:
′ is the identity component of G σ , where σ is an involution of G such that σ(z) = z (see Table 2 ),
3.2. Holomorphic discrete series. Let ∧ * ⊂ t * be the lattice of characters of T . We know that the set ∧ * + := ∧ * ∩ t * + parametrizes the set K of irreducible representations of K: for any µ ∈ ∧ * + , we denote V K µ the irreducible representation of K with highest weight µ.
We will be interested in C ρ hol (z) = 2ρ n (z) + C hol (z) ⊂ C hol (z) where 2ρ n (z) is the sum of the roots of R n (z). Let us denote
Here S • (p) is the symmetric algebra of the complex vector space (p, ad(z)). Let us recall the notion of geometric quantization when M is compact. Choose a K-invariant almost complex structure J on M which is compatible with Ω M in the sense that the symmetric bilinear form Ω M (·, J·) is a Riemannian metric. Let ∂ LM be the Dolbeault operator with coefficients in L, and let ∂ *
Let us consider the case of a proper pre-quantized Hamiltonian K-manifold M : the manifold is (perhaps) non-compact but the moment map Φ K M : M → k * is supposed to be proper. In this setting, we have two ways of extending the geometric quantization procedure.
First way : [45, 36, 29, 39] . Let us recall the definition.
For any µ ∈ K which is a regular value of the moment map Φ, the reduced space
is a compact orbifold equipped with a symplectic structure Ω µ . Moreover
The definition of the index of the Dolbeault-Dirac operator carries over to the orbifold case, hence Q(M µ ) ∈ Z is defined. This notion of geometric quantization extends further to the case of singular symplectic quotients [32, 34] . So the integer Q(M µ ) ∈ Z is well defined for every µ ∈ K: in particular Q(M µ ) = 0 if µ is not in the Kirwan polytope ∆ K (M ).
When M is compact, the fact that
is known as the "quantization commutes with reduction" Theorem. This was conjectured by Guillemin-Sternberg in [19] and was first proved by Meinrenken [31] and Meinrenken-Sjamaar [32] . Other proofs of (16) were also given by Tian-Zhang [42] and the author [34] . For complete references on the subject the reader should consult [41, 43] . One of the main features of the formal geometric quantization Q −∞ is summarized in the following 
• Product. Let M and N be pre-quantized Hamiltonian K-manifolds with M is proper and N is compact. Then M × N is a proper pre-quantized Hamiltonian K-manifold and we have Q
Second way : Q Φ K . When M is a proper pre-quantized Hamiltonian K-manifold, we can define another formal geometric quantization of M through a non-abelian localization procedureà la Witten [47] . In [29, 36] , one proves that an element
is well-defined by localizing the index of the Dolbeault-Dirac operator D LM on the set Cr( Φ
K M
2 ) of critical points of the square of the moment map. The crucial result is that these two procedures coincides [29, 36] .
Theorem 3.12 (Ma-Zhang, Paradan). Let M be a proper pre-quantized Hamiltonian K-manifold. Then, the following equality
3.4. Formal geometric quantization of holomorphic orbits. Let us come back to the holomorphic discrete representation V G λ . Consider a coadjoint orbit G · λ for λ ∈ ∧ * + in the interior of the chamber C hol (z), so that λ is strongly elliptic. The action of G on G · λ is Hamiltonian, and the line bundle
is a Kostant-Souriau line bundle over G · λ ≃ G/K λ . Here C λ denotes the 1-dimensional representation of the stabilizer subgroup K λ that can be attached to the weight λ.
Thanks to Lemma 2.13, we know that the moment map Φ K G·λ relatively to the action of K on G · λ is proper. Hence the reduced spaces
are compact for any µ ∈ ∧ * + , and the generalized character
We have proved in [35, 38] 
This result will be generalized in (21) . It shows that Q Φ K (G·λ) coincides with the vector space of K-finite vector of the holomorphic discrete representation
can not be associated to an holomorphic discrete representation of G. Theorems 3.13 and 3.12, gives us the following informations concerning the Kmultiplicities.
Corollary 3.14. Let λ ∈ ∧ * + ∩ Interior(C hol (z)), and µ ∈ ∧ * + .
• The multiplicity of
• (p) is equal to the quantization of the reduced space (G · λ) µ .
•
The last condition imposes that µ > λ or µ = λ.
Proof. The first point is a consequence of the equality Q
• (p)] = 0, then µ belongs to the Kirwan polytope ∆ K (G · λ). But we know after Lemma 2.16 that ∆ K (G · λ) ⊂ λ + C(z) : so µ = λ + β∈Rn(z) x β β with x β ≥ 0. Finally, we have
and we have µ 2 = λ 2 only if µ = λ.
3.5.
Multiplicities of the holomorphic discrete series. We consider now a connected reductive subgroup G ′ ⊂ G such that z ∈ g ′ . Then it is easy to check that G ′ satisfies (13) . Let K ′ ⊂ K be the maximal compact subgroup in G ′ , and let
* be the corresponding convex cone. For l ∈ {t, k, g}, we denote π l ′ ,l : l * → (l ′ ) * the canonical projection. We have the following important fact.
Proposition 3.15. We have the following relations
Proof. Let α ∈ t * be a non-compact root of (g,
* be a non-compact root of (g, t) such that its restriction α ′ = π t ′ ,t (α) is a non-compact root of (g ′ , t ′ ). Since the 1-dimensional weight spaces g α and g
Then the condition ξ, h α ≥ 0 is equivalent to π t ′ ,t (ξ), h α ′ ≥ 0. Finally we have proved the point (a) : if one has ξ, h α ≥ 0 for any positive non-compact root of (g, t), then π t ′ ,t (ξ), h α ′ ≥ 0 holds for any positive non-compact root of (g
. By the Convexity theorem [2, 18, 25, 28] , we know that π t,k (K · ξ) is equal to the convex hull of W K ξ. But ξ belongs to the W K -invariant convex cone C hol (z), and then
Thanks to the point (b), we see that
* and is equal to 2ρ ′ n (z)+π t ′ ,t (A) where A is the sum of the positive non-compact roots α such that g α is not included in p ′ ⊗ C. Hence A ∈ C hol (z) and thanks to point (a) its projection π t ′ ,t (A) belongs to C ′ hol (z). The point (c) is then proved. Let λ ∈ C ρ hol (z). The coadjoint orbit G · λ is contained in g * se , and the moment map Φ G ′ G·λ is proper since z ∈ g ′ (see Corollary 3.6). Then, we know that
Equality [1] is due to the fact that
hol (z) (see Lemma 3.3). Equality [2] corresponds to c).
Remark 3.16. When the Lie algebra g is simple the set G · C hol (z) ⊂ g * se is a maximal closed convex G-invariant cone. See [33, 44] .
We finish the section by considering the restriction of the irreducible representation V G λ to the reductive subgroup G ′ . We will denoted K hol (z) ⊂ K the subset ∧ * + ∩C ρ hol (z). We see that K hol (z) and G hol (z) are the same set but they parametrize representations of different groups (K and G respectively).
We start with the
Proof. We use here the "Restriction to subgroup" property of Theorem 3.11.
For the first point, we know after the Borel-Weil Theorem that
For the second point, it works the same. We know that V
, where the last inclusion is point (c) of Proposition 3.15. We have then proved that V
hol (z). The last equality is due to the fact that C
We denote by G ′ the unitary dual of G ′ , and by G G·λ is proper, we know, thanks to the work of T. Kobayashi [27] and Duflo-Vargas [15] , that the unitary representation V G λ is discretely admissible relatively to G ′ . It means that we have an Hilbertian direct sum
where the multiplicities m λ (Π) are finite. In fact, we can be more precise.
with m λ (µ) finite for any µ. 
c is associated to the choice of positive roots R(g
is positive for any α ∈ R ′ n (z), thus µ ∈ C ′ hol (z). 3.6. Jakobsen-Vergne's formula. The aim of this section is to give a direct proof of the following result of Jakobsen-Vergne [23] . 
the Z-module formed by the infinite sum λ∈ G hol (z) m λ V G λ with m λ ∈ Z. Similarly, we define R −∞ (K, z) ⊂ R −∞ (K) as the sub-module formed by the infinite sum
where n µ ∈ Z is non-zero only if µ ∈ K hol (z). We have the following basic result. • The restriction to K defines a morphism
that is injective.
• The product by S • (p) defines a map from R −∞ (K, z) into itself.
Proof. Let us prove the first point. Thanks to Corollary 3.14, we have V
We know that Q((G · λ) µ ) = 0 only if λ ≤ µ and µ ∈ C(z). Hence the sum n µ := λ∈ G hol (z) m λ Q((G · λ) µ ) has a finite number of non-zero term and n µ = 0 only if µ ∈ C hol (z).
But m λ = 0 if λ < λ A and Q((G · λ) λA ) = 0 if λ = λ A and λ ≥ λ A (see second point of Corollary 3.14). We have checked that n λA = m λA = 0 and then r K,G (A) = 0. Let us check the second point.
Like before, the term Q((G · µ) θ ) is non-zero only if µ ≤ θ and θ ∈ C(z). Hence the sum µ∈C(z) n µ Q((G·µ) θ ) has a finite number of non-zero term and is non-zero only if θ ∈ C(z).
Let us consider the similar morphism r
We consider the following elements of R −∞ (G ′ , z):
. Theorem 3.19 will be proved if we check that Lemma 3.20 insures that the product in [1] is well-defined. We need to explain the last equality. Note that [V Proposition 3.17) . This insures that the sum
Formal geometric quantization of G-actions. In this section we consider the Hamiltonian action of a connected real reductive Lie group G on a symplectic manifold (M, Ω M ). We suppose that the action of G on M is proper and that the moment map Φ 
is well-defined (see Section 3.3). We suppose also that G satisfies (13), and we fix a complex structure ad(z) on p. Let C ρ hol (z) ⊂ t * be the corresponding cone. 
where the last inclusion is a consequence of point (a) in Proposition 3.3. The first point is proved. Hence we get, thanks to (14) , the following relations
We have the following notion of formal geometric quantization that extends the case of compact Lie group actions. •
In the following Lemma, we exhibit examples where the Assumptions A1 or A2 are satisfied. • Suppose that the Lie algebra g is simple. Then, in the context of Definition 3.22, the map Φ 
which is compact since ϕ is proper. The proof is completed.
For the second point we use the result of Proposition 2.11, and the facts that, since g is simple, [p, p] = k and the center c k of k is reduced to Rz.
The function Φ G M , z , which is the moment map for the S 1 -action, is proper if and only if As( Lemma 3.21) , it is sufficient to prove that C hol (z) ∩ (Rz) ⊥ = {0}. Let ξ ∈ C hol (z). We have ξ, z = −b(ξ, z) = 2 β∈Rn(z) β,ξ with β,ξ = (β, ξ) ≥ 0. If ξ, z = 0, we must have (β, ξ) = 0, ∀β ∈ R n (z) or equivalently [ξ, p] = 0. Thenξ commutes with all elements in [p, p] = k, i.e.ξ ∈ c k = Rz. Finally, we have proved that ξ ∈ (Rz) ⊥ and ξ ∈ Rz, hence ξ = 0.
We can now state the main result of this section.
Theorem 3.25. If Assumptions A1 or A2 are satisfied, we have the following relation
Proof. We have
Note that the product in [1] and [2] are well defined thanks to Lemma 3.20. In [2] we use the fact that Q
. So Theorem 3.25 follows from the following equality
that will be proved in Sections 4.4 and 4.6.
We consider now a connected reductive subgroup G ′ ⊂ G such that z ∈ g ′ . The coadjoint orbit G · λ is pre-quantized when λ ∈ G hol (z) and we have obviously Q
* relative to the G ′ -action on G · λ is proper. In fact we have more : the map Φ
We are interested in the compact reduced spaces
for µ ′ ∈ G hol (z). We are now able to prove the following Theorem 3.26. Let λ ∈ G hol (z). Then we have the following relation Lemma 3.20) it suffices to prove that (22) r
. But the left hand side of (22) is equal to the restriction V 
We can finish this section by extending the functoriality of the quantization process Q −∞ relatively to the restrictions.
The same definition holds for the couple (K ′ , K).
Note that for any
We will used the following Lemma that will be proved in the Appendix.
′ -admissible and the following relation
We finish this section with the following
Proof. The map Φ 
We have then
Here [1] follows from Lemma 3.28, [2] follows from Theorem 3.25 and [3] is the consequence of Theorem 3.11. We have checked that
We know that we have a geometric decomposition
We have two ways of computing the multiplicity of
and Theorem 3.26 tells us also that
We would like to understand a priori why
, or equivalently why we have the relation (23) . Let X be a connected component of Y z . Let us fix a K-invariant almost complex structure on X which is compatible with the symplectic structure. Let
be the corresponding Riemann-Roch character (see Section 4.2). Recall that, if L X denotes the restriction of the Kostant-Souriau line bundle L M on X , we have
. Let N X → X be the normal bundle of X in Y : it inherits a complex structure J X and a linear endomorphism L(z) on the fibres. We have a decomposition N X = a∈R N In the following, the product of a symbol σ by a complex vector bundle
Let T K X be the following subset of TX :
A symbol σ is elliptic if σ is invertible outside a compact subset of TX (i.e. Char(σ) is compact), and is K-transversally elliptic if the restriction of σ to T K X is invertible outside a compact subset of T K X (i.e. Char(σ) ∩ T K X is compact). An elliptic symbol σ defines an element in the equivariant K 0 -theory of TX with compact support, which is denoted by K 0 K (TX ), and the index of σ is a virtual finite dimensional representation of K, that we denote Index
, and the index of σ is defined as a trace class virtual representation of K, that we still denote Index
. Using the excision property, one can easily show that the index map Index
Suppose now that the group K is equal to the product K 1 ×K 2 . An intermediate notion between the "ellipticity" and "
, viewed as a generalized function on K 1 × K 2 , is smooth relatively to the variable in K 2 [1, 9, 37] . It implies that :
• Index
with θ λ ∈ R(K 2 ), • we can restrict Index K1×K2 X (σ) to the subgroup K 1 and
Here dim : R(K 2 ) → Z is the morphism induced by the restriction to 1 ∈ K 2 .
Let us recall the multiplicative property of the index map for the product of manifolds that was proved by Atiyah-Singer in [1] . Consider a compact Lie group K 2 acting on two manifolds X 1 and X 2 , and assume that another compact Lie group K 1 acts on X 1 commuting with the action of K 2 . The external product of complexes on TX 1 and TX 2 induces a multiplication (see [1] ):
Let us recall the definition of this external product. For k = 1, 2, we consider equivariant morphisms
In order to simplify the notation, we do not make the distinctions between vector bundles on TX and on X .
We see that the set Char(σ 1 ⊙ σ 2 ) ⊂ TX 1 × TX 2 is equal to Char(σ 1 )× Char(σ 2 ). We suppose now that the morphisms σ k are respectively K k -transversally elliptic. Since T K1×K2 (X 1 ×X 2 ) = T K1 X 1 ×T K2 X 2 , the morphism σ 1 ⊙σ 2 is not necessarily K 1 ×K 2 -transversally elliptic. Nevertheless, if σ 2 is taken almost homogeneous, then the morphism σ 1 ⊙ σ 2 is K 1 × K 2 -transversally elliptic (see [37] ). So the exterior product a 1 ⊙ a 2 is the k-theory class defined by σ 1 ⊙ σ 2 , where a k = [σ k ] and σ 2 is taken almost homogeneous.
The following property is a useful tool (see [1] [Lecture 3] and [37] ).
Theorem 4.1 (Multiplicative property). For any
Riemann-Roch character. Let M be a compact K-manifold equipped with an invariant almost complex structure J. Let p : TM → M be the projection. The complex vector bundle (T * M ) 0,1 is K-equivariantly identified with the tangent bundle TM equipped with the complex structure J. Let h be the Hermitian structure on (TM, J) defined by : 
When M is not compact the topological index of Thom(M, J) ⊗ L M is not defined. In order to extend the notion of geometric quantization to this setting we deform the symbol Thom(M, J) ⊗ L in the "Witten" way [34, 35, 29] . Consider the identification ξ → ξ, k * → k defined by a K-invariant scalar product on k * . We define the Kirwan vector field on M : 
In general Cr( Φ
K M
2 ) is not compact, so c κ does not define a transversally elliptic symbol on M . In order to define a kind of index of c κ , we proceed as follows. For any invariant open relatively compact subset U ⊂ M the set Char(c
When (29) holds we denote 2 ) has the following decomposition
where B is a subset of the Weyl chamber t * + . We denote by B r ⊂ t * the open ball {ξ ∈ t * | ξ < r}. The following Proposition is proved in [39] .
Proposition 4.5.
• For any r > 0, the set B ∩ B r is finite.
• The set of singular values of Φ The following crucial property is proved in [29, 39] .
The sum (31) converges in R −∞ (K) since we know after Theorem 4.7 that the multiplicity of
We finish this section, by recalling a result that will be needed in Section 4.5. Let us choose t = t 1 ⊕ t 2 such that t i ⊂ k i is a maximal abelian sub-algebras. We start a decomposition (32) Cr 
In [39] [Section 4.1], we prove the following
Proof. Recall that the scalar product on g is defined by (X,
where ξ = k · ξ ′ with ξ ′ ∈ C ρ hol (z) and η = k · η ′ for some k ∈ K. We can then check that the symmetric endomorphism ad(z)ad(ξ ′ ) : p → p is negative definite when ξ ′ ∈ C ρ hol (z): the Lemma is proved.
If J Y is a K-invariant almost complex structure on Y compatible with Ω Y , the last Lemma tells us that (−ad(z), , J Y ) is a K-invariant almost complex structure on p × Y compatible with Ω p×Y in a neighbourhood of Y .
Let us fix U β , such that ϕ −1 (U β ) = B r × V β where V β is a neighbourhood of Z β in Y and B r := {X ∈ p | X < r}. The almost complex structure
is compatible with Ω M if V β and B r are small enough. Finally we see that the symbol ϕ The Atiyah symbol At p on p is defined by the following relations : for (X, η) ∈ Tp,
Proof. We consider the paths s
We define then the paths at the level of symbols : σ s 1 and σ s 2 . We check that Char(σ
, X] p = 0 forces X to be equal to 0. Hence we get
We have proved that s ∈ [0, 1] → σ We consider another path of symbols
is orthogonal to the vector field generated by Φ K Y (y) and we have moreover v = κ Y (y) and
Since ξ is strongly elliptic and thanks to Lemma 4.12, we know that the term δ is strictly positive if X = 0, thus κ Y (y) = 0 and X = 0.
We have proved that
At this stage we know that
Let S 1 be the circle subgroup of K with Lie algebra equal to Rz. We can consider p as a S 1 × K-manifold. We note that the Atiyah symbol At p is S 1 × K-equivariant and S 1 -transversally elliptic. Its index is computed in [1] , see also [34] [Section 5]. We have the following relation Index
. By the multiplicative property (see Theorem 4.1) we know that their product At p ⊙c
Finally, thanks to the restriction property (24), we know that
is equal to the restriction of
to the subgroup K ֒→ S 1 × K. The Theorem is then proved.
Remark 4.14. The Assumption A1 is used because we don't how to prove the equality
when the set B is not finite, e.g. the set Cr( Φ
2 ) is non-compact.
Proof of Theorem 3.30.
Here we work with a pre-quantized Hamiltonian K-manifold (P, Ω P , Φ K P ), and we assume that the map Φ K P , z is proper. Here Rz is the Lie algebra of a circle subgroup S 1 ⊂ K contained in the center of K. We are in the context of Theorem 4.10. We have a decomposition k = k 1 ⊕ k 2 where k 1 := Rz and k 2 are ideals of k and the moment map Φ K P , z relative to the S 1 -action is proper. Then we have the following equality
where the right hand side is computed via a localization procedure on the set Cr(ϕ P ) of critical points of the proper map ϕ P := ( Φ K P , z ) 2 . We note that
Cr(ϕ P ) = ϕ −1
We are interested in the following cases 2 ϕ P . The symbol Thom(P, J P ) ⊗ L P pushed by the vector field κ ϕ is denoted c ϕ P . Let B P the set of connected component of P z . For any X ∈ B P , we consider a relatively compact open Kinvariant neighbourhood U X of X such that Cr(ϕ P )∩U X = X . We denote Q X K (P ) ∈ R −∞ (K) the equivariant index of the S 1 -transversally elliptic symbol c ϕ | UX .
When ϕ For X ∈ B P , we denote • L X the restriction of the Kostant-Souriau line bundle L P on X , • N X the normal bundle of X in P , and |N X | z , N +,z X are the z-polarized versions (see Section 3.8). If we use (37) and (38) , the proof of Theorem 3.30 is reduced to the following T m P ⊗ L P | m −→ ∧ odd C T m P ⊗ L P | m . We have proved in [34] [ Theorem 5.8] , that the index of σ z | UX is equal to the right hand side of (39) . Hence the proof is completed.
We want now to clarify the convergence of the sum that appears in (38) , when P z is non-compact.
Let T be a maximal torus in K: it contains the circle subgroup S 1 . Let ∧ ⊂ t be the lattice which is the kernel of exp : t → T . Let z o ∈ R >0 z ∩ ∧ that generates the sub-lattice Rz ∩ ∧: the torus S 1 acts on an irreducible representation V K µ through the character t → t n with n = µ,zo 2π ∈ Z. We have then a graduation R(K) = n∈Z R n (K) where R n (K) is the group generated by the representations V K µ such that µ,zo 2π = n. We see that R n (K) · R m (K) ⊂ R n+m (K). For any n ∈ Z, we denote R ≥n (K) (resp. R −∞ ≥n (K)) the subgroup formed by the finite (resp. infinite) sum l≥n E l where E l ∈ R l (K). We have the following basic lemma For X ∈ B P , the action of S 1 is trivial on X , and relation (11) shows that S 1 acts on the fibres of Kostant-Souriau line bundle L X through the character t → t n(X ) , where n(X ) = Proof. The generalized character Q X K (P ) is equal to the sum (−1)
Since the group S 1 acts on the fibres of the polarized bundles N +,z X and |N X | z through characters t n with n > 0, we see that E p ∈ R ≥n(X )+p (K). Hence Q Since π k ′ ,k is proper on π k,g (G · Support(m)), we have that π k ′ ,k is proper on K · Support(n). Thus n ∈ R −∞ (K, z) is K ′ -admissible.
We will now compare the following two elements of R −∞ (K ′ , z) : A := r K ′ ,K (n) = 
We have
which is finite if m µ = 0. Similarly, we check that Y µ,δ = [V 
